Abstract-The standard and mixed discretizations for the magnetic field integral equation (MFIE) and the Müller integral equation (MUIE) are investigated in the context of low-frequency (LF) scattering problems involving simply connected scatterers. It is proved that, at low frequencies, the frequency scaling of the nonsolenoidal part of the solution current can be incorrect for the standard discretization. In addition, it is proved that the frequency scaling obtained with the mixed discretization is correct. The reason for this problem in the standard discretization scheme is the absence of exact solenoidal currents in the rotated RWG finite element space. The adoption of the mixed discretization scheme eliminates this problem and leads to a well-conditioned system of linear equations that remains accurate at low frequencies. Numerical results confirm these theoretical predictions and also show that, when the frequency is lowered, a finer and finer mesh is required to keep the accuracy constant with the standard discretization.
Low-Frequency Scaling of the Standard and Mixed Magnetic Field and Müller Integral Equations I. INTRODUCTION

I
NTEGRAL equations of the first kind are widely used for the modeling of time-harmonic scattering problems, e.g., the electric field integral equation (EFIE) for perfect electric conductors (PECs) and the Poggio-Miller-Chang-Harrington-Wu-Tsai integral equation (PMIE) for dielectrics [1] . These equations are usually discretized using RWG basis functions [2] and rotated RWG testing functions, where 'rotated' means that the cross product with the surface normal was taken. This discretization results in what will be called the standard EFIE and standard PMIE in the rest of this paper. It is also possible to model these scattering problems using integral equations of the second kind. For the case of PECs, this equation is the MFIE [3] , [4] while for dielectrics it is the MUIE [5] . The standard discretization strategy for the MFIE and MUIE is to use RWG basis and testing functions. In general, integral equations of the second kind are less widely used than those of the first kind because they cannot be applied to open PEC scatterers (e.g., plates) and, when using the standard discretization strategy, they offer inferior accuracy when compared to equations of the first kind [6] . Nevertheless, second kind integral equations are of great practical importance because of their role in the combined field integral equation (CFIE) and because they yield well-conditioned systems of linear equations without special preconditioning strategies (e.g., Calderón preconditioning [7] ). With the advent of fast iterative solution methods [8] - [10] , the condition number of the linear system has become more and more important, which has in turn made integral equations of the second kind more attractive.
Because of this, much research has been focused on solving the accuracy problem of integral equations of the second kind. These efforts include increasing the accuracy of the MFIE matrix elements [11] , [12] , incorporating a solid angle contribution [13] or enriching the finite element space [14] , [15] . The aforementioned techniques have been demonstrated to result in a significant accuracy improvement when applied to certain classes of scattering problems. However, they lack a clear theoretical background and it is hard to predict which method is best for a given situation. Recently, an alternative testing scheme for second kind integral equations was proposed in [16] , [17] as a novel way to improve the accuracy. In this scheme, the equation is tested with rotated Buffa-Christiansen (BC) or ChenWilton (CW) functions [18] , [19] instead of RWG functions. Since the test functions are no longer the rotated basis functions, this scheme is usually called a mixed discretization. The mixed scheme is convergent and numerical results show that it yields a significant accuracy improvement when compared to the standard testing scheme, even when applied to an object with sharp corners such as a cube [17] .
In this paper, the focus is on the LF behavior of the solution currents. From [20] , it is known that the inferior accuracy of the standard discretization scheme of the MFIE gets worse as the scatterer gets electrically smaller, i.e., as the frequency is lowered. This is caused by the fact that the magnetic field integral equation at very low frequencies leads to a large relative error in the nonsolenoidal part of the solution current. This means that the MFIE in its most basic form has very limited use at low frequencies. In the same paper [20] , a method was proposed to 0018-926X © 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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solve this problem, which relies on manually setting the nonsolenoidal part of the current to zero in the static limit. However, this perturbation method has some computational drawbacks and can no longer be regarded as a straightforward PetrovGalerkin discretization [21] of the MFIE. In [22] and [23] , a current-charge formulation is proposed that imposes both the tangential and normal boundary conditions for the magnetic and electric field respectively. This increases the number of unknowns but allows the charge to be computed accurately, even for very low frequencies. In [24] , it was shown that, for simply connected geometries and for plane wave incidence, the mixed discretization of the MFIE yields the correct nonsolenoidal part without introducing additional unknowns. Further preliminary results pertaining to the LF behavior of the mixed discretization of the MFIE have been presented in [24] - [29] . In this paper, an extension is made to the MUIE and to much more general incoming fields. The analysis is limited to simply connected scatterers. The multiply connected case is considerably more involved and is beyond the scope of this paper. First, the LF properties of the relevant integral operators and the incoming fields will be given in Sections II and III. In Sections V and VI, it will then be shown that the mixed discretization of the MFIE and MUIE leads to a correct frequency scaling for both the solenoidal and nonsolenoidal part of the solution current. The correctness is tested by comparing these frequency scalings with the scalings obtained using the standard EFIE and PMIE respectively. In the case of PEC scattering, a theoretical analysis of the continuous EFIE and MFIE also confirms these scalings. Finally, numerical results are presented that corroborate the theoretical results.
To unambiguously specify which discretization scheme is used, an integral equation of the second kind that is tested with RWG functions will be denoted as 'standard', as opposed to 'mixed' when it is tested with rotated BC functions. When neither 'standard' nor 'mixed' are specified, this denotes the continuous integral equation. Finally, an time dependence is assumed and suppressed.
II. LF BEHAVIOR OF INTEGRAL OPERATORS
To express the MFIE and MUIE later on, it is convenient to first introduce a succinct notation for the relevant integral operators. Consider a region with a simply connected boundary . Let be the exterior surface normal to , which is well-defined for all . Then define
where is the 3 by 3 unit matrix and the Green function is given by
The wave number is given by where is the pulsation, i.e., times the frequency. The parameters and are the permittivity and permeability of the medium in which the operators are defined. In both (1) and (2) the evaluation point should always be on the boundary , to ensure that the surface normal is well-defined. It should be noted that operator (2) is not a limiting value from either inside or outside of . Rather it is the average of these two limits. To get the inner or outer limiting value, an additional operator, proportional to the identity, has to be added. This identity operator will be denoted as (4) For the rest of the paper, it is convenient to introduce a mild abuse of notation by removing the explicit dependence of the operators on the coordinates and allowing a matrix notation. For example when is written, this actually means
The operators given in the above are all endowed with specific frequency scaling properties when they are applied to solenoidal surface currents, i.e., divergence-free currents defined on the boundary , at low frequencies. These properties are required for the analysis of integral equations at low frequencies and will now be briefly summarized. To denote that a quantity scales like the following notation will be used (6) which has the mathematical meaning (7) Note that this definition does not completely fix the frequency scaling. Indeed, if (6) holds, then also holds if . This reasoning also shows that the statement with is stronger, i.e., contains more information, than the one with . Therefore, statements like (6) in this paper will be intended to give the strongest scaling that can be proved for a general geometry, complex permittivity, etcetera.
The operator (2) has the following property: if both and are solenoidal currents, then
If either or is not solenoidal, the result becomes . This property has been first derived in [30] . A related property can be found for the identity operator: if both and are solenoidal currents, then (9) Otherwise the result is again . For a proof, we refer to [31] . Integral operator (1) has a very well-known behavior at low frequencies that is used in the loop star decomposition for the EFIE [32] . If either or is a solenoidal current (10) Otherwise, the result is . In addition, whatever and are (11) always holds. A proof of this property can be found in [33] .
III. LF BEHAVIOR OF INCOMING FIELDS
Let the incoming electric and magnetic fields be denoted by and . Assume that these incoming fields are generated by a collection of electric and magnetic currents, located in a region outside of and denoted by and respectively. Note that this assumption is without loss of generality since fields generated by sources at infinity (such as a plane wave) can also be generated by equivalent currents at finite positions. For the purposes of this paper, it will be assumed that and are analytic functions of in a neighborhood containing . Although it is definitely possible to find currents that violate this constraint, the overwhelming majority of real-world currents are analytic as a function of . For example, any time-limited or exponentially decaying time domain current has an analytic frequency domain counterpart. Also, should the need arise, the calculations in this paper are readily generalized to arbitrary frequency dependencies for the currents. This generalization results in lengthier expressions, but does not require the introduction of new theory. Now, assuming the currents are indeed analytic functions of , a Taylor series argument shows that for low frequencies, the currents scale as some positive integer power of (12) In many important cases, such as the equivalent currents generating a plane wave, the exponents are zero, i.e., the current has a DC component. However, for the sake of generality, will be left unspecified in the upcoming analysis.
The behavior of the charges associated with the currents can be investigated by means of (13) Because of the factor , the charges can become infinite at . However, such a singularity does not make a charge distribution spurious or less important for simulations. For example, they can occur when doing a series of frequency domain simulations to construct a time domain simulation. Indeed, if the time domain excitation current leaves behind a nonzero static charge distribution once it has stopped flowing, the resulting frequency domain charge has a singularity. Therefore, charges with a singular dependence will be allowed in the rest of this paper. In general, the LF behavior of the charge can be described as (14) where should hold for compatibility with (13) .
With the knowledge of the LF behavior of the currents and charges, it becomes possible to investigate the behavior of the incoming electric and magnetic fields when they are integrated with solenoidal currents. For example, take the case of the incoming electric field, generated by the electric current . When this field is integrated with the solenoidal current , the scaling of the result is (15) In the above, only the vector potential term of the Green's dyadic remains because is solenoidal. When the magnetic field generated by the electric current is integrated with the solenoidal current, the following is obtained (16) Here, the scalar function is chosen such that (17) This allows a reasoning similar to (37) in [34] , to convert the incoming magnetic field into the incoming electric field, as is done in (16) .
IV. DISCRETIZATION
The boundary is discretized using a simplicial mesh consisting of vertices, faces and edges. Because is simply connected, it follows that . Throughout the paper, the RWG and BC functions will be denoted by and respectively for all . As is well-known, the RWG and BC finite element spaces can both be split up into a solenoidal and complementary nonsolenoidal subspace [20] , [31] , [32] , [35] . The dimension of the RWG solenoidal subspace is and that of the nonsolenoidal subspace is . For the BC finite element space, the roles of vertices and faces are reversed, which leads to the dimension of the BC nonsolenoidal space and the dimension of the BC solenoidal space . In the rest of the paper, elements of the RWG and BC solenoidal spaces will be denoted by and respectively ( stands for loop), while the nonsolenoidal spaces will be denoted by and respectively ( stands for star).
V. LF BEHAVIOR OF THE MFIE
When is filled with a perfectly conducting medium and embedded in a background medium with permittivity , permeability , wave number and impedance , the MFIE is the most commonly used integral equation of the second kind. It is given by (18) where is the current distribution to be solved for. In both the standard and mixed discretization of the MFIE, the unknown current distribution is expanded in RWGs. To obtain the standard MFIE, (18) is tested with RWG functions. In the mixed MFIE, on the other hand, rotated BC functions are used as testing functions. However, to expose the LF behavior of the standard and mixed MFIE, it is necessary to perform a basis transformation from the RWG space into its decomposition in solenoidal and nonsolenoidal currents. This is equivalent to expanding the unknown solution current into RWG solenoidal and nonsolenoidal functions (19) The index of the unknown current denotes the type of test function used, i.e., for RWGs or for rotated BCs. When these test function spaces are also split into solenoidal and nonsolenoidal subspaces, the discretized MFIE can finally be written in block matrix form (20) with (21) (22) It should be stressed that the solution current obtained after solving (20) is exactly the same (up to direct or iterative solver accuracy, of course) as the current obtained from the direct discretization, i.e., without the decomposition into solenoidal and nonsolenoidal currents. Indeed, up to a basis transformation, the linear equations are the same. Therefore, no quasi-Helmholtz decomposition of the finite element spaces is needed when solving for the current, and it is done here solely for the purpose of showing the frequency dependence of the solenoidal and nonsolenoidal parts of the solution current. For the MFIE, avoiding the quasi-Helmholtz decomposition is advantageous because of its inherent well-conditioned behavior.
The mixed MFIE will be investigated first. Due to (8) and (9), it is concluded that (23) Assuming that the mixed MFIE is invertible, it immediately becomes clear that the square blocks and must also be invertible at sufficiently low frequencies. Using this knowledge, a reasoning based on the Schur complement [36] of these blocks, detailed in Appendix A, shows that (24) If the incoming field is generated by a superposition of electric and magnetic currents, then with the scalings introduced in Section III (25) The fact that the BC finite element space contains a subspace of exact solenoidal currents is crucial for the first scaling result. The second scaling is directly derived from the frequency scaling of the excitation currents (12) . With these results, the frequency scaling of the solution of (20) can be obtained (26) It is interesting to point out that the fact that and are square is necessary for the Schur complement analysis. If the rotated BC functions were to be replaced with rotated RWG functions, the discretization scheme would still be conforming. However, the two off-diagonal blocks would no longer be square, which would make the discretized equation exactly singular for . This may be interpreted as an explanation for why this discretization of the MFIE leads to ill-conditioned systems of linear equations.
For the standard MFIE, no exact solenoidal currents are present in the rotated RWG space. Hence none of the properties from Section II can be used. Therefore (27) Clearly, the standard MFIE yields different current scalings than the mixed MFIE. The question then becomes: which scaling is correct, if any ? A simple example shows that the scaling of the standard MFIE solution current is wrong in at least some cases: take a purely electric excitation current with and . This is an excitation current that generates a static electric and magnetic field at . In this case, the standard MFIE solution current has an scaling for both the solenoidal and nonsolenoidal part. This means that the charge associated with the standard MFIE solution current diverges like as the frequency is lowered to zero. This diverging behavior is not consistent with reality, in which one would expect that the electric field induces an charge on the surface . To investigate which of the scalings derived in the above is correct, a comparison with the scalings obtained from the discretized EFIE will be made. To further back up these results, a theoretical comparison with the continuous MFIE and EFIE will be made.
A. Comparison With the Standard EFIE
The standard EFIE system matrix, written in block form, is (28) with (29) (30) Note that new unknown current coefficients and are introduced in (28) . These should be interpreted as in (19) . The introduction of new coefficients is required because, although the EFIE describes the same physical problem as the MFIE, the solution is nonetheless different due to the discretization.
Using scaling property (10) and assuming that the diagonal blocks of the standard EFIE matrix are invertible, a Schur complement analysis shows that (31) The frequency scaling of the right hand side in (28) can be obtained by interchanging the indices in (25)
The scaling of the solution then becomes (33) which is exactly the same scaling as for the solution of the mixed MFIE. Since the standard EFIE is generally believed to yield trustworthy solutions, this correspondence between the mixed MFIE and the standard EFIE lends credibility to the correctness of the mixed MFIE solution scaling.
B. Comparison With the Continuous MFIE and EFIE
The solution scaling given in (26) will now be shown to be consistent with the continuous EFIE and MFIE as well. Since no discretization is done, both these equations describe the same physical problem and lead to exactly the same solution current (barring resonances). Therefore, it is allowed to derive the frequency scaling for the nonsolenoidal and solenoidal parts of the solution current from the EFIE and MFIE respectively.
Let us start with the nonsolenoidal current. When the continuous EFIE operator acts on a nonsolenoidal current, both the scalar and vector potential part contribute. However, in the low frequency limit, the scalar potential part dominates the vector potential part. This leaves us to analyze only the dominant part which, up to some constants, is (34) It turns out that, for , no nonsolenoidal current can be found for which this operator yields a zero result . Indeed, if such a current would exist, a vector field could be defined as (35) which has the property that . In addition, is curl-free and divergence-free both inside and outside the scatterer (not on the boundary). Leveraging Lemma 2.2 from [37] and the fact that the scatterer is simply connected, this means that
. As a consequence, the normal component of does not jump when going from the inside to the outside of , which means that the current is solenoidal. Since this contradicts our initial assumption, it is safe to conclude that operator (34) does not have a null-space when the frequency is zero. Therefore, if the solution current of the continuous EFIE has a nonsolenoidal component with scaling , it always generates a nonzero tangential electric field with scaling . Because the incoming electric field scales as , this allows the conclusion that the nonsolenoidal part of the solution current scales like . This is the same scaling as the one obtained from the mixed MFIE and the standard EFIE.
The scaling of the solenoidal current can be deduced from the continuous MFIE. Indeed, from the fact that the continuous MFIE operator has a DC limit, it immediately follows that the complete solution current has the same frequency scaling as the incoming tangential magnetic field if the MFIE does not have a null-space at . Since the scatterer is simply connected, such a null-space never occurs [37] , which explains the scaling of the solenoidal current coefficients in (26) . Of course, the nonsolenoidal current coefficients should also obey this scaling law, since it was derived for the complete current, not only for the solenoidal part. It can be quickly checked that this is indeed the case because (36) always holds.
VI. LF BEHAVIOR OF THE MUIE
The MUIE is an integral equation of the second kind that is applicable when is filled with a dielectric material (permittivity , permeability , wave number ). The MUIE uses both an electric and a magnetic current distribution (37) where . Compared to the MFIE, the new thing here is the appearance of the operators. When the MUIE is discretized using the mixed scheme, (8) , (9) and (11) can be used to determine the frequency scaling of the various blocks: (38) where the coefficients and represent the magnetic and electric current respectively. It is immediately seen that the sub-blocks of the two framed blocks have the same frequency scaling as the sub-blocks of the mixed MFIE, as given in (23) . In addition, they have the same sizes. Therefore, assuming Using the frequency scalings of the incoming fields from (25) and (32), the frequency scaling of the electric and magnetic current coefficients can be shown to be (40)
It can be seen that the frequency scaling of the electric current is the same as that of the electric current obtained from PEC scattering. The scaling of the magnetic current is obtained from that of the electric current by interchanging the indices , which is consistent with the duality between electric and magnetic fields.
Similarly to what was done in Subsection V.A, the frequency scaling of the currents can also be obtained from the standard PMIE, which yields exactly the same result as in (40). In contrast, the standard discretization of the MUIE yields (41) which is again not physical for certain excitations.
VII. NUMERICAL RESULTS
To corroborate the theoretical results from the earlier sections, numerical tests will be performed for both a PEC and dielectric scatterer. The test will be limited to one geometry to keep the length of this section within acceptable bounds. The generality of the numerical results is ensured by choosing a geometry that contains smooth curved surfaces as well as a sharp edge and a corner. Fig. 1 shows a mesh, containing 990 edges, of the geometry that was chosen.
Four types of excitations are used: an electric loop current (EO), an electric line current (EI), a magnetic loop current (MO) and a magnetic line current (MI). These currents are unit currents that run over an infinitesimally thin wire that is either loopor line-shaped. The loop is located in the -plane, has center [2, 0, 1] m and radius of 0.5 m. The line is straight and connects the point m with m. Fig. 1 graphically depicts the positions of the loop and line. The frequency scalings for these four excitations are easily derived and given in Table I. For each of these four excitations, three different solution currents are computed. All three are linear combinations of the RWGs defined on the mesh in Fig. 1 . The first solution current is obtained by means of the standard EFIE or PMIE (for a PEC or dielectric scatterer respectively). The second solution current is obtained from the mixed MFIE or the mixed MUIE, while the third solution current is obtained from the standard MFIE or standard MUIE. For each solution current, we will focus solely on the electric part of the solution current. Neglecting the magnetic solution current is not a loss of generality because it is zero for PECs. For the dielectric case, the frequency scaling of the magnetic current can be obtained from the electric current scaling by means of duality. Therefore, it is not necessary to further consider the magnetic current.
Finally, the electric part of the solution current is split into a solenoidal part and a nonsolenoidal part , which is taken to be the -orthogonal complement of the solenoidal part. The frequency scalings derived in this paper immediately lead to the expected frequency scalings for both of these two parts. These are listed in Tables II and III . It will now be checked whether the scalings from II and III are reproduced numerically. First, the PEC scatterer case will be considered, using the mesh shown in Fig. 1. Fig. 3(a)-(d) shows the numerically obtained norm of the solenoidal and nonsolenoidal parts of the solution current. For low frequencies, an excellent agreement between the theoretically predicted and numerically obtained frequency scalings is observed. For an electric line and magnetic loop excitation, all three solution currents exhibit the same frequency scaling. However, for an electric loop or magnetic line current, the nonsolenoidal part of the standard MFIE solution current is wrong at sufficiently low frequencies.
It should be noted that, if the frequency is lowered further and further, the standard EFIE and mixed MFIE will eventually yield wrong solution currents as well. However, this is purely due to the numerical rounding error inherent in floating-point arithmetic, not due to the discretization scheme. For example, if one were to switch to a high-precision data type, this problem could in principle be solved for arbitrarily low frequencies. For the standard MFIE, however, the wrong current scaling is inherent in the discretization scheme and cannot be remedied by performing more accurate computations. It can be remedied by changing the equation, though, as is done for example in [20] .
For the case of a penetrable scatterer, the permittivity and permeability were chosen to be and respectively. Again, the mesh in Fig. 1 was used. Fig. 4(a)-(d) shows the numerically obtained scalings. Again, all the predicted frequency scalings are confirmed. In Fig. 4(a) and (d) , the PMIE departs from the expected scaling when becomes smaller than approximately . This effect is caused by the numerical rounding error mentioned above.
With a final numerical result, it will be shown that the frequency scalings obtained here are also valid for other mesh densities. Fig. 5 shows the norm of the nonsolenoidal part of the solution current obtained from the mixed and standard MUIE, discretized with 63, 252 and 990 edges. The latter mesh is shown in Fig. 1 and the two coarser meshes are shown in Fig. 2 . It can be seen in Fig. 5 that the frequency scaling for the mixed discretization remains correct, irrespective of how coarse the mesh is. For the standard discretization, however, the plots indicate that a coarser discretization leads to an earlier incorrect frequency scaling of the nonsolenoidal current. In this context, 'earlier' means that the onset of the problem occurs at higher frequencies. This is consistent with the knowledge that the standard MFIE or MUIE converge to the correct solution in the norm (this convergence is widely known from experience but can also be proved, similarly to the proof given for the mixed 5 . The frequency scaling of the nonsolenoidal part of the solution current for scattering by a penetrable object (the same as for Fig. 4) , with a magnetic line current as excitation, obtained with three different meshes. The number of edges in the meshes is 63, 252 and 990. It can be seen that the mixed discretization yields the correct frequency scaling for all frequencies, whereas the standard discretization requires a finer and finer mesh to get an accurate nonsolenoidal part as the frequency is lowered.
MFIE in [17] ). Indeed, if one keeps on refining the mesh but keeps the frequency constant, the correct solution will eventually be obtained. However, a lower frequency directly translates into a requirement for a denser mesh, before obtaining the correct solution. With the mixed discretization scheme, no such requirement on the mesh density exists.
VIII. CONCLUSION
A rigorous analysis of the standard and mixed discretizations of second kind integral equations is presented in the context of low-frequency scattering problems. This analysis shows that the mixed discretization of second kind integral equations yields the same solution current frequency scalings as the standard discretization of integral equations of the first kind. In addition, these frequency scalings are consistent with those obtained from the continuous equations. In contrast to this, the standard discretization of second kind integral equations does not yield the correct frequency scalings for the nonsolenoidal part of the solution current whenever, broadly speaking, the excitation was generated by a divergence-less electric current or a magnetic current with nonzero divergence. Numerical results back up these theoretical predictions. The incorrect frequency scaling of the standard discretization implies that, when the frequency is lowered, the standard discretization requires a finer and finer mesh to attain a constant accuracy. The mixed discretization does not suffer from this problem. Therefore, at low frequencies, it can be more efficient than the standard discretization, despite the considerable complexity of the BC or CW test functions.
APPENDIX A Some details of the Schur complement analysis will be discussed here. Assume that is a 2 by 2 block matrix (42) with square and invertible off-diagonal blocks. This corresponds to the mixed MFIE case (23) . The blocks of can be written as follows (43) with (44) (45)
The inverses of and are the Schur complements of and respectively [36] . The scalings in (23) imply and , such that the scalings in (24) are immediately obtained.
For the case of the standard EFIE, the diagonal blocks of are square and invertible. This leads to a modified formula for the inverse: This expression leads to the scalings in (31) .
For the case of the 4 by 4 block matrix arising in the MUIE, it is advantageous to proceed in two steps. First, treat the matrix in (38) as the 2 by 2 block matrix (49) Here, the two diagonal blocks are square and invertible. Therefore, (46) can be used. However, the matrices and depend on the inverses of and . At that point it becomes necessary to take into account the sub-blocks of these matrices. Since and have square and invertible off-diagonal blocks, (43) can be used to show that their inverses have scaling The scaling result in (39) immediately follows from this and (46).
